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SUMMARY 

<i^ 

The growth and collapse of the turbulent wake behind a submarine in a 

stratified ocean is studied analytically using simple phenomeno1ogicaI models. 

The present analysis closely follows the previous integral approach of Ko, 

based on the concept of local similarity and turbulent entrainment.  A non- 

uniform entrainment rate, obtained by ccnsidering the three turbulent velocity 

components separately, marks the main difference to the previous approach. 

However, the present analysis is still limited to a wake without swirl and 

does not include the energy leakage through the internal wave field. 

A series of parametric studies have been performed to study the effects 

of various operational conditions (such as stratification and speed) as well 

as the initial conditions on the wake flow field. 

The solutions were found to be sensitive to some initial conditions.  The 

physical significance, the range of conceivable values, and the constraints of 

these initial conditions are discussed.  The differences between a blunt body 

wake and a slender body wake are pointed out, based on these parametric studies. 

A comparison with the experiment of Schooley and Stewart is presented. 

Again, an extremely high initial turbulent intensity and degree of mixing are 

needed in the calculation.  In addition to the fact that the body is practically 

a blunt one, it seems to suggest that an excessive amount of energy (more than 

required to balance the body drag for maintaining a uniform speed) may have been 

imparted to the wake.  A much different result is expected from the wake of 

a slender, submarine-1ike body. 

^ 

I 

i v 

mmm ^jimemmiiktmiMät^miii 



Jpr-WWKWW l'»")IJ|l,»I.>l« mmmf^^^r^^w^m'Wfmi'f'i^mmmiW^^^i^^'i . i HU wim»wmw.vmtmin »****# 

CONTENTS 

Page 

', 

1. INTRODUCTION  

2. TECHNICAL APPROACH AND FORMULATION  

3-  RESULTS AND DISCUSSIONS   

3-1 Nonstratified Wakes  
3-2 Typical Results    
3-3 Effect of Initial Anisotropy-  
3.k Effect of initial degree of mixing . . 
3-5 Effect of Stratification and Speed . . 
3-6 Effect of Initial Turbulent Intensity. 
3-7 Effect of Integral Scale Length. . . . 
3.8 Effect of Initial Mean Velocity Excess 
3.9 Effect of Initial Wake Geometry. . . . 
3.10 Experiment of Schooley and Stewart . . 

k.     SUMMARY AND CONCLUDING REMARKS  

REFERENCES  

15 

15 
16 
17 
17 
18 
19 
19 
19 
20 

22 

2h 

II llimüllli 1 ilMMHIi I III HWMtiWWntilri^i . Vjtmf^^^M«***«^^ ......^ 



rmmmmmrnmmmm MHl#J!^|Bia««IWI*P^^ IUIJIVIIIIIIII. lipjlM«^!« 1M1 lHHI.W^i«l»lillll H«'«"«11 BW1 

LIST OF FIGURES 

Page 

1. 

2. 

3. 

4. 

5. 

6. 

7. 

8. 

9. 

10. 

11. 

12. 

13. 

14. 

15. 

16. 

17. 

18. 

19. 

20. 

Coordinates and Density Field 25 

Calculated Wake Growth (Nonstratified) 26 

Decay of Mean Centerline Velocity Excess (Nonstratified) 27 

Decay of Turbulent Intensity (Nonstratified) 28 

Typical Growth of Wake Height and Wake Width 29 

Typical Decay of Turbulent Components 30 

Typical Wake Area v.s. x 31 

Effect of Initial Degree of Mixing on the Wake 
Geometry 32 

Variation o." 3/a For Various 3 /a 33 
■k 0 

Dependence of b on the Froude Number 34 
* 

b v.s. X/D for Various F ^S 
r J-' 

Effect of Froude Number on the Wake Area 36 

Effect of Froude Number on the Mean Velocity Decay 37 

Effect of Initial Turbulent Intensity on b 38 

Effect of the Integral Length Scale on a and b 39 

Effect of the Integral Length Scale on e 40 
A A A 

Effect of U,      on a    and b 41 
do*    * 

Effect of U   on U. 42 

Effect of Initial Wake Geometry 43 

Comparison with the Experiment of Schooley and 
Stewart. 44 

VI 

—   ■   1 Kilfc'MiHli '--<■—"" iimiMiiiMnii itiiiBiillHaMi^ffrwmHimmt^ 



VWt^WWS!>Wm&^IWkWr&ySi-Ww^ . .^iMjtaKpptyB* W™*MH^^^ 

o 

«ti 

!•     Introducti on 

Our understanding on the growth and collapse of the turbulent wake 

behind a submarine moving at a constant speed through a stratified medium has 

been vastly improved in recent years. The simplified integral analysis of Ko 

(ref. 1) has provided a general characterization of the various physi'-al 

mechanisms associated with this complicated flow phenomenon. However, quite 

a few assumptions and approximations in that simplified analysis were under- 

stood to be unsatisfactory to provide a reliable prediction. Therefore, an 

improved analysis is presented here with the hope of arriving at a reliable 

first order prediction tool as well as enhancing our physical understanding of 

the submarine wake. 

In the present analysis, the background ocean is assumed to be "quiet" 

which precludes the consideration of the ocean turbulent diffusion dominated 

far wake region, (reference 2 gives a general consideration of the diffusion 

of passive scalars behind a submarine in that particular region). Furthermcre, 

no net momentum, either in the form of a swirl or a lift, is assumed to be 

imparted to the wake in the present analysis. These additional submarine 

motion associated effects will be considered after the present basic model 

being established. 

.  i«r>#*" 
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2. Technical Approach and Formulation 

I 

The present analysis closely follows the previous integral approach of 

Ko (ref. 1) based on the concept of local similarity and turbulent entrainment. 

The main advantage of the integral approach over a finite difference approach 

is the simplicity in application to provide a quick appraisal of the various 

physical mechanisms associated with the submarine wakes. The shortcoming of 

such an approach is the inability in predicting the details as well as in 

giving a true representation of the region very close to the body where a 

highly non-similar flow field is expected. 

The basic flow field of interest is showr schematically in Figure 1. The 

undisturbed medium outside the wake is assumed to be horizontally stratified 

with the density given by 

Po = p (I-az) (1) 

with a being a constant, 

wake is taken to be 

The corresponding density distribution inside the 

Pi = p (1-ßz) (2) 

with e being a variable equivalent density gradient. In the integral sense, 

the wake boundary is again assumed to be sharp and encloses all the anamolies 

in either density, turbulence or other wake identifying quantities (such as 

dye). The possible differences between a dye wake and others will not be 

considered here. 

It is again assumed that there is no direct effect of turbulence on the 

inviscid flow field in the cross plane. The effect of turbulence is being 

accounted for through the moving boundary and the equivalent local density 

gradient. Therefore, as derived in Reference 1, with the locally similar 

velocity distribution 

v = yfjCx) 
(3) 

w = -zf.(x) 

the wake boundary can be shown to remain elliptical at all times and is given 

by 2 2 
^ + *_ 
2,2 

a     b 
=  1 (4) 

-- -■ • lüm lililllllllÜi llfMhlf'rl'liniiifiiijmi. ^ai«MiiHiiittiiii.-- 



with a and b representing the major and the minor axis. Furthermore, 

using the assumption of external pressure field remaining hydrostatic, the 

cross plane momentum equations lead to a governing equation for the "rate of 

collapse" f. 

uo (1 + ^) 
a 

^i = b! (a_g) g _ (1 _ b! > f2 

a a 
(5) 

The concept of turbulent entrainment of the outer fluid leads to the 

following governing equations for the. rate of change of the wake boundaries 

U da 
dx 

db 

= af, + E (x) 1   v 
(6) 

U  ^=-bf1 + E (x) o dx    1   z 

where E and E represent the entrainment velocities in the y and z y     z  r ' 
directions at the wake boundary y = a and z = b .  The previous analysis 

assumes a more or less uniform entrainment rate by linking the entrainment 

velocities to the local total turbulent intensity level. This approximation 

is definitely undesirable in the expectation that only the vertical entrain- 

ment rate is inhibited by the effect of stratification. Therefore, an 

intrinsically non-uniform entrainment rate is assume! here by letting 

K.v 1 m 

= K.w I m 

(7) 

with v1 and w' denoting the averaged rms turbulent velocity components in the 

y and z directions. Then, the rate of area increase Is given by 

U ,k v'  w' 
o dA     (JH + -H) 
A dx   la   b (8) 

- 
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Turbulent Energy Equations 

Instead of using an overall turbulent energy equation, three separate 

energy equations, one for each velocity component, are used to account for the 

anisotropy expected in a stratified flow. The governing equations with 

appropriate simplifications can be written in the following forms: 

2 Dt U 
3u 

u'v'  -r u'W 
3y 

8u  1 , ap' — — — u —"— 
3z  - 3x 

P 

-  E 

ID  ,2     ,2 3v   -f-r 3v  1  , V —   v  = — v   — — v w  — — — v  » — 
2 Dt 3y        3z  -   3y 

-  E (9) 

ID  ,2    -T—r 3w    ,2  3w   1  , 3p' — —— W   = - V w —  - w       - — W  —*-— 
2 Dt 3y       3z   -   3z 

P 

where e'  denotes the viscous dissipation terms and 

E - & p'w' 

D   -3.-9.-9 — = u — + v — + w — 
Dt  u 3x    3y     3z 

A few interesting features can be immediately observed from equations (9). 

(a) Except for flow with an appreciable mean swirl, the production terms 
2 

effectively appears in the equation for u' only.  The exchange of energy with 

the mean flow is mainly carried out through the axial component. 

(b) The pressure velocity correlation terms, which serve the function of 

redistributing the available energy among the three components in an attempt 

to achieve isotropy, cancel each other in the governing equation for the total 

turbulent energy         

e' - | (u'2 + v'2 + w'2) 

(c) The effect of stratification, with the Boussinesq approximation, 

appears in the governing equation for w'  only. 

The modelling of each term is briefly discussed in the following: 

Production 

The simple concept of an  eddy viscosity is reit to be adequate for the 

present purpose.  It is assumed that 

-tmutW"**' 
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U'W'       -V       E      -r— 
Z    dZ 

~—r   „ 9u u v      %    e 

(10) 

y 9y 

The eddy viscosities are then related to  the corresponding turbulent intensity 

and integral  length scale by 

y e      y   v      y 

(11) 
' 2  k 

z e      z 

These eddy viscosities are further assumed to be constant across the wake but 

changing In the axial direction. The anisotropic nature of a stratified flow 

is built into Equation (U). The eddy viscosity constant K  will be further 
e 

discussed in a later section. 

Dissipation 

The modelling of the energy dissipation term follows the same argument 

of Townsend (ref. 3) but equally distributed among the three components. 

Specifically, 

1 d   ,2 
= -2d7u 

then, 

,.3      „.3/2 ,   1.1 u'   n  . e' 
10 —— = 0-3^- (12) 

Here X denotes the integral length scale which will be taken to be the 

geometrical average of X and X  i.e.. 
y z ' 

X    =    (\\)h (13) 

Pressure Velocity Correlation 

The pressure velocity correlation terms are modelled after Rotta   (ref.   4) 

which gives  r—, -T- 
3U1 3U k , -   /2^  ^e' 

p'  V + i^) = V   x H-6ik-uK) w 
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where C. denotes an universal constant having a value of about 1.6 as 

suggested by the experimental data (refer to Hanjalic and Launder (ref. 5) 

but noted that some algebraic manipulations are required to arrive at the 

above expression). 

Stratification 

The effect of stratification is also included using a turbulent eddy 

diffusivity model, which gives 

V    i 

s 

3p. 

-^   ^    ep   IT (15) 

Furthermore,  assuming the turbulent Schmidt number in the vertical direction 

to be unity, we have   

e = e 'v- X  (w'V (16) p   z   z 

Using the.e simple modellings, the three governing equations (9) can be 

readily integral id across the wake. Let's define the area averaged turbulent 

energy in the three principal directions by 

u'2 A = ^ f  u'2 dA 
m      2 A 

'2 A = i / v'2 dA (17) V    "   " o m      2 A 

9       12 
w'^ A = \ f  w'  dA 
m       ^ » A 

and thi total area averaged turbulent energy by 

= u'2 + v'2 + w'2 (Ha) 
m     mm 

The integral governing equations become 
.«  ..i 

. 0.3. 4^ ■    (l8a) 

„ f (v-2 A) - -Zf.v^A + 0, -f A (f - 2 v'2 ) 
odxm        1m     PA    J     m 

e3/2 (18b) 
- 0.3A  
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' U    4- (w'2 A)  = 2f w'2 A + r    -^i    A   i1&      o   .2N 1 1 m p  ~        (T ~    Wm ^ o dx ra 

O.JA 
3/2      K 

A -TA„;  ßgb (18c) 

where    A =  the  integral length scale on  the wake axis'.    A   = c. (ab)^ 

in  the present model with C    = 0.125. 

Cp   :   the  pressure-velocity correlation coefficient which is  related 

to  C^ and  is estimated  to be C    =  0.8. 

m 

j 

Kp : an integrated constant in the production term related to the eddy 

diffusivity constant ^ , and with some assistance of the experi- 

mental data, we have K = 0 12 
P 

The quantity Ud represents the maximum mear velocity excess on the wake 

axis.  In the previous analysis, a correlation obtained Dy Naudascher (ref 6) 

wa<- used to relate this quantity to the local turbulent intensity.  However 

this correlation of Naudascher seen, to be unique to that particular experiment 

and is believed to be a weak link in the previous analysis.  In order to have a 

better assessment of the energy production term, it is decided to leave U as a 

varxable^to be governed by the mean centerline axial momentum equation.  " 

Let's assume the mean axial velocity field to be given by 

Ü » U+ U. F (£  *) 
0   d  va ' b7 (19) 

The mean centerline axial momentum equation gives 

U 
dUd 1    3n V' w' 

odT    =-(^)0 + KeUd(f+ f)     pn (20) 

where F" denotes the curvature of the mean velocity profile oa the wake axis 

and K£ is the eddy viscosity constant defined by 

Gy = Ke Vm a  '  e, = K W' b (21) 

T 

 ■       in i immaiinrüiMi i  ggMaii „_..  



The pressure gradient term is included to  account for the small pressure 

gradient field induced by the collapsing motion, which can be easily evaluated. 

For the case of a momentumless wake and zero axial pressure gradient, it 

can be easily shown that 

U.A 
d 

~ constant (22) 

Using eqn, (8), the entrainraent constant K. is readily given by 

K. = 0.5 K F" 
1      e (23) 

I 

Using K = K = 0.18 and the experimentally measured value of F" a 25, the 

entrainment constant can be estimated to be K. = 2.25.  This value agrees 

fairly well with the growth rate obtained in Naudascher's experiment. 

Mixing Model 

Because of the use of a global entrainment concept and an equivalent 

internal dens-lty gradient, any attempt to derive a mixing equation is not likely 

to arrive at a consistent result which can properly account for the effect of 

turbulence on the mixing process inside the wake.  For th-'.t reason, we have 

decided to use a phenomenological model to obtain a governing equation for the 

density gradient ß inside the wake. 

First of all, the total potential energy inside the wake is given by 

V = 
^'o  (aV .3 
—H— ab 

o     a (24) 

Therefore, this equivalent linear density gradient ß may be considered as an 

averaged quantity which provides a measure of the available potential energy 

inside the wake at any given station. By assuming that the potential energy 

per unit area in the wake is directly proportional to the available turbulent 

energy per unit area in the direction against the gravitational field, the 

governing equation for ß can be written as 

w 
ßb = ab - (a-ß )b -2 

cow' 
mo 

(25) 

m 



o It should be noted that this model actually is not applicable to any ptemixed 

region, such as the laminar experiment of Wu (ref. 7). 

Nondimensionalization 

Following the same nondimensionalization procedure of reference 1, the 

following characteristic quantities are used: 

Characteristic length L = initial wale size 

Characteristic velocities  U = sub speed 
o       r 

Uref = eo = init:ial turbulent intensity 

Characteristic time N 1 = (ag)"^ 

«!#■ 

Furthermore, using th^ asterik to denote the nondimensional quantities, the 

following eight dependent variables are defined by 

a = a/L , b = b/L 

fl = f^N 

* 
u       = 

m u'/U    - m    ref 

* 
v      ■= 

tr. 
v'/U    , m    ref 

* 
w      = 

m w'/U    - m    ref 

Wake cimensions 

Collapsiag rate 

Turbulent velocities 

-     ßL Internal density gradient 

Ud* = VUo Mean centerline axial velocity excess 

The problem is then reduced to finding the variation of these unknowns, which 

describe, the wake evolution, as functions of a nondimensional distance defined 

by 

(26) 
* _ xN 

X  ' U 
o 

D F 
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where Fr 
= ^ > the Froude number based on the body diameter, D and the free- 

stream velocity, U .  These unknown quantities are governed by the following 

set of first order ordinary differential equations: 

Entrainment 

da ' * *        * 
—r - a f, + K.F v 
j * 1     1 t m dx 

(27a) 

db , * * * 
—r = -b f, + K.F w 

, * 1 1 t m dx 
(:;b) 

Cross plane momentum 

I,*2   <1£i 

*        dx 

* *2 *2 

(1 " ^ ) ^2 "   (1  - ^  f 1 
a a 

(27c) 

O 

*^'2 * * 

Turbulent Energy 

*        * 

\ ab 

/2e       *  * 2e * 
+ C    -~r a b F^   (~- -  2a     ) 

p      A* t  v 3 m (27d) 

H **■    * * 
2 / * * 

-  2f    v ab      +    C   K-px a b  F,.   (■=§- 
1    m                         p    A * t       3 

_  0.3 F. ^ 1-^— 

*2 

2v
m  ) 
m 

(27e) 

H *"  *  * ****** /2e *  * 2e * 1    (w_ a b )    »    af. w      a b    + C   K-=px   a b F^   (^|- - 2w    ) 
1    m p     A * t       3 n 

Ä 
d^^m 

*3'2  *  * K                                         2 
- 0.3 F     T  "or    (-r) w    a b t         .   * 2   F^    o*      m A t 

(27f) 

Mixing 

-"*  (0  b  ) 
d^ 

**-     =    c.*^.     (a ~e0  
)bo*    ^m 

dx 

■k * 

* 
W 

mo 
dx 

(27g) 
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Mean centerline axial momentum 

dU m 
VJ 
ms 1 ,\2  d -T- - - 2 K1FtUd  ( ^ + -^) - - (^)   A 

dx a   b       t  dx 

* * 2  2 
2f1 + (1 - ß /a )(l-b  /a  ) 

2  2 
1 + b /a 

(27h) 

It is clear from these equations that two nondimensional parameters govern the 

solutions:  the turbulent Froude Number F defined by 

Jref 
NL 

(28a) 

and the initial turbulent intensity parameter U given by 

ref 
(28b) 

The turbulent Froude number is related to the ordinary Froude number by 

Ft = UN V  Fr (28c) 

The solutions to this set of ordinary different equations can be cbta'ned 

numerically with a prescribed set of initial conditions at x = x .  In fact, 

instead of appearing explicity in the governing equations., a few fundamental 

parameters to this problem are hidden in the form of initial conditions. 

Therefore, a full discussion of the physical significance, the proper choice of 

values and the constraints on the initial conditions is ^iven in the following: 

Initial Conditions 

(a) a. Initial wake dimension. With the initial wake dimension L 
*     * 

being chosen for normalization, both a  and b  can be set e o     o 
equal to one if the wake is assumed to be circular initially. 

However, experimental observations have indicated a relatively 

strong stratification effect on the initial wake aspect ratio 

(b /a ), the effect on the r^erall solution will have to be 
o  o  ' 

studied parametrically. 

■■■ 
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(b) f 
10 

(c) u 

Initial rate of collapse. Assuming that the fluid particles 

do not possess an initial velocity field in ehe cross plane, 

the initial value of f^* can be readily set as zero. A para- 

metric study is again required to assess its significance on 

the solutioa. 

mo mo 
w h 
mo   Initial anisotropv.  Using eo'2 as the reference 

quantity, it requires u *2+v *2+w *2=e*=i 
mo     mo     mo     o 

Thus, the relative magnitude of these quantities represents the 

initial degree of anisotropy.  For an initially .Isotropie 

turbulent field,    *2     *■ 
mo CiU 

w 
mo 

(d) U 
do 

(e) B * 
Ü 

* > 

4 * 

Initial mean axial, velocity excess.  For a wake of zero net 

axial momentum, this value represents the amount of mean 

energy flux remaining in the wake at the initial station. 

Initial mixing effectiveness.  This quantity measures the 

initially available potential energy in the wake.  A combina- 

tion of 3o and f10 , gives the total initial energy being 

imparted to the wake which is erpected to control, to a large 

extent, the collapse process.  S.nce little is known about the 

degree of initial mixing, it is decided to set f *= 0 in the 

present report in order to simplify the discussion. 

At this point, we seem to be facing a large number of possible combinations 

of parameters and the proper choice of values becomes extremely critical in 

assessing the potential utility of such an analysis.  It is worthy to note that 

thih is exactly the primary goal of this type of simple integral approach to 

bring out the important physical variables and governing parameters in a complex 

flow. A sensitivity study of these parameters must be performed in order to 

identify their relative significance to the solutions.  Existing experimental 

data provide a reasonable estimate on a few parameters, but additional experi- 

mental information is required in order to obtain a reliable selection of the 

initial conditions for future application. On the other hand, these initial 

conditions can not be arbitrarily assigned even though the governing equations 

may not have posed any restriction on the values. The physical constraints on 

the initial conditions, based mainly on energy considerattcn, are briefly 

discussed in the following. 

12 
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Constraints on the initial conditions 

(a) Experimental data shows that at an initial station where appreciable 

mean shear still exists, max   ,.   For a Gaussian distribution, the 
Ud 

maximum axial turbulent velocitv intensity can be related to the area averaged 

total turbulent intensity by e'5 = 0.625 u». Henc-, at an initial station 
UlaX 

not too far downstream from the body where the momentumless nature becomes 

important, the initial mean axial velocity excess is related to the initial 

turbulent intensity by * 

do 
ü 
N (29) 

with K being about 2.  As discussed previously, this constant K may be 

different if excessive energy still remains in Luc mtan flow at the initial 

station.  To some extent, this "constant" K should depend on the configuration 

in achieving a flow with no net axial momentum.  For example, Naudascher's type 

experiment with the thrust being supplied by a jet is expected to have more 

residual mean energy as compared with a propeller driven body. Additional con- 

sideration and more experimental information are required to provide a better 

estimate of the relative energy content in the mean and in the. turbulent field. 

For the present purpose, the crude estimate of K = 2 is used and a sensitivity 

study will be performed and discussed in the next section, 

(b) The initial total turbulent energy flux is given by 

E  = pU U J- k 
to    o ref  o 

On the other hand, for a body moving at an uniform speed U  , the total 
o 

energy imparted to the wake can be written as 

z 

Ldrag = V01^ 

1   ,T 3 

2 pUo 
pU-' %\ 
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) 
where C is the drag coefficient of the body based on the frontal area A^ 

Then the percentage of energy goes into turbulence is given by 

!to  „ 8_ ^ L^ (30) 
Edrag  CD N D 

A typical number of 10 ^20% would be reasonable for a slender body wake without 

extraneous energy sources.  Therefore, the values of UN can not be chosen 

arbitrarily. It is also interesting to note that an appreciable difference in 

the magniture of U« is expected between a slender body wake and a blunt body 

wake because of the difference in CD. In addition, the ratio of the total 

turbulent energy to the total energy input can also depend on the body config- 

uration which makes the choice of UN quite different for blunt and slender body 

wakes. Further discussions will be given in the next section, 

(c) The total initial potential energy flux can be written as 

pgUo (a-60)
2    2 

V = — A b o   8    a    o o 

Then, 

_!o_ = l_ (V F -
2 (i _!°)

2 (31) 
E     r V  r  v   a' 
drag   D 

Again, this ratio poses a lower bound for the conceivable values of (üja).    We 

don't really have a good estimate on the percentage of available energy 

appearing in the form of a potential energy. However, it must satisfy the 

inequality. 

V        E      E o   . ,  _to    mean (32) 
V E      E cirag      drag   drag 

where E    indicates the energy associated with the mean flow at the initial 
mean ,, 

station. It may also be noted that CD again plays an important role as well as 

the Froude number. 

1^ 
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3.  Results and Discussions 

3.1  Nonstratified Wakes 

As a check for the empirical constants used in the present analysis, 

a calculation has been made for a momentumless wake in a ho-aogeneous medium. 

The initial conditions at x/D = 5 were taken from a recen': wind tunnel experi- 

ment of Gran (ref. 8).  Since the data is still being reduced at the present 

time, no specific comparison is shown here. Figure 2 shows the growth of the 

wake radius as a function of (x/D). Approximately r 'v x *  which agrees well 

with the preliminary data of Gran as well as some recent FRI towing tank data 

by Pao et al.  (ref. 9) 

Figure 3 shows the decay of the mean centerline axial velocity excess 

which follows a nearly x  law.  This is certainly consistent with the wake 

growth rate for a momentumless wake. Preliminary data of Gran shows a similar 

decay while a much faster decay rate (-vx ) was indicated by Naudascher. It is 

generally agreed that the mean flow measurements of Naudascher are not 

consistent with the other turbulent measurements. Therefore, we feel that the 

consistency with the momentumless nature of the flow, which is exhibited by the 

present solution, is more important and the disagreement with Naudascher's mean 

flow data will be ignored. Figure 4 gives the decay of the turbulent intensity 
* -1 

u  , which shows a nearly x  dependence.  This decay rate is in reasonable 

agreement with Naudascher but seems to be slightly faster than the measurements 

of Gran. However, as noted in this figure, the decay rate is slowing down at 

increasing x/D, and the no-swirl assumption of the present analysis should 

account for part of the faster decay of the turbulent intensity. 

In summary, the calculations for the nonstratified wake has provided 

enough confidence on the numerical constants used in the present analysis and 

the remaining section will be dealing with the stratified wakes only using 

these prefixed constants. 

3.2   Typical Results 

Figure 5 shows a typical calculated variations of the wake height 

(b ) and width (a ) as a function of the nondimensional distance x for 

■4> 

X 

u 
F r 

Bi 
0 

NL 10 

UN 
m eh/V 

0      0 
= 0.1 

ß /a 
0 

= 0.5 
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The results indicate that the wake, initially circular, grows nearly 

axisymmetrically before reaching a maximum height and then "collapses". The 

general characters of the solution remains the same as the results of the 

previous analysis (ref. 1). The phenomenon of "over collapse" seems to remain 

which is partially caused by not including the internal wave energy losses. 

T,t is more interesting to note the decay of the three turbulent components 

Wi  n is shown on Figure 6. The calculations ware performed by assuming an 

equipartician of the turbulent energy among the three modes. As seen in 

Figure 6, because of the mean shear production term, energy is fed into u* 
m 

initially. Then the stratification effect appears and starts to take energy 

away from wm . The tendency toward isotropy term is not powerful enough to 

compensate for the energy gain by u and the energy drain by w* . Therefore. 
m m 

an anisotropic turbulence field is developed. In fact, at soma distance 

beyond the point of collapse, the turbulence becomes essentially two dimensional 

with nearly equal amounts of energy in the u' and the v' components. In the 

present entrainment model, the vertical entrainment is practically shut-off 

while the horizontal entrainment continues. This fact is reflected in Figure 7 

where the wake area is plotted against x . In the previous model, an asymptotic 

area is reached at a short distance beyond the point of collapse. 

3.3  Effect of initial anisotropy 

The initial turbulence field is expected to possess a certain 

degree of anisotropy either as a result of the stratification effect on the 

body boundary layer or caused by the propeller. The effect of these initial 

anisotropy on the flow has been studied by setting u*2: v*2: w*2 equal to 1:1:1 
mo  no  mo ' 

(the typical case studied above), 1:2:2 and 2:2:1. Except for a small difference 
.   *  *    * * 

"m* Vm   wm at sma11 x ' the three sets of solution are almost indistin- 
guishable from the results shown on Figures 5-7. Based on these findings, it is 

concluded that the initial anisotropy tends to be quickly removed by the 

tendency toward isotropy terms.  Thus, with the exception of a strongly 

stratified environment, the effect of anisotropy on the wake evolution is small 

and an equipartician of the initial turbulent energy among three modes is 

assumed throughout the remaining calculations. 

■ 
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3.4  Effect of initial degree of mixing 

As stated previously, the initial density gradient 3 represents a 

measure of the total amount of potential energy deposited in the wake. There- 

fore, its effect on the wake collapse is expected to be quite pronounced as 
* * 

demonstrated on Figure 8. Three sets of a and b are shown on Figure 8, for 

ß /a = 0 (perfectly mixed), 0.5, and 0.9 (poorly mixed). The results, though 

expected, are strikingly different. In particular, for 3 /a = 0.9, the 

"collapse" is hardly "v jible" with only the maximum wake height being limited. 
* *   * 

By defining th; distance to collapse as x  where b = b  , it is easily 
JK c nicix 

observed that x  increases rapidly with increasing B /a  . This type of 

finding has been extensively used recently in a qualitative manner to explain 

the differences in the various experiments.  It is interesting to note that the 

effect of initial mixing on the overall wake evolution is quite small as all 

three sets of solution curves give nearly the same growth rate of the wake area. 

The variatic i of 3/a is shown on Figure 9, for four different initial 

density gradients.  It should be cautioned that this initial mixing parameter 

ß is different from that used in the previous analysis, where the equivalent 
o 

density gradient was kept at constant before collapse as shown in Figure 9 for 

the purpose of comparison. 

The intermediate value of 3 /a = 0.5 has been used for most of the para- 
o 

metric studies performed here. Some definitive measurements for the mixing 

effectiveness behind the full scale body are needed to provide a better estimate 

of the values to be used for prediction purpose. At this point, we can only 

note that for a slender body with Cn = 0.2, the potential energy deposited in 

the wake ranges from .05% to 5% of E,   for the cases shown on Figures 8 and 9. 

3.5  Effect of stratification and speed 

The effects of stratification and speed can be grouped into a single 
U 

parameter F = fj^ . the Froude number. Figure 10 shows the wake height 

variation for a range of Froude numbers. For fixed values of 11. and 3 /a, the 

maximum wake height increases with increasing F (faster body speed or weaker 
r * 

stratification). The nondimensional location of collapse, x  also increases 

with increasing F . This is different from the previous analysis which gives 

x Z  constant for a wide range of Froude number. Furthermore, the degree of 
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collapse (measured by the rate of collapse at the maximum height) decreases with 

increasing F . Since the nondimensional distance x ■ ~ ~-, the effect is much 
r D F 

more evident in the physical coordinates as shown on Figure 11. The relative 

degree of collapse can be readily assessed in such a plot. 

The explanation for the strong effect of Froude number can be obtained 

from Figure 12 where the normalized wake area is plotted against x for several 

Froude numbers.  For increasing F , the relative effect of stratification is 

much weaker, the vertical entrainment becomes less restricted and more fluid is 

being entrained into the wake. The effect of Froude number on the decay of the 

mean centerline axial velocity is shown on Figure 13. The decay of U * tends 

to slow down for increasing stratification (F decreases). This general 

behavior of the effect of stratification on the mean velocity decay has been 

observed experimentally by Pao et al. ( ref. 9). A direct comparison will be 

performed in the future when more experimental data becomes available. 

3.6  Effect of initial turbulent intensity 

By keeping Fr equal to a constant (F = 10), Figure 14 shows the 

effect of UN, the initial turbulent intensity level, on the wake height. The 

results are similar to the previously discussed effect of Froude number; with 

increasing UN, Ft = UNFr increases, bmax increases, x increases, and the degree 

of collapse slightly weakened. However, the interpretation is entirely different, 

First of all, there is no stretching of the physical distance x for the four 

different values of UN. Therefore, their effect on the degree of collapse is 

relatively weaker.  Secondly, as discussed in the previous section, tht 

magnitude of UN is a measure of the initial total turbulent energy. Also shown 

on the curves are the corresponding values of E /E,   for each IL.. The body 

drag coefficient is purposedly left unspecified. For a slender body, the drag 

coefficient is expected to be about 0.1 ^0.2.  If the ratio E /E    is 
to drag 

assumed to be of the order of 10 ^20%, a typical value of U .:0.05 would have 

been reasonable for a slender body wake. On the other hand, C ~ 1 for a blunt 

body. Thus, a higher value of U can be expected and its effect on the wake 

is clearly demonstrated on Figure 14. However, U can not be assigned 

arbitrarily as indicated by the curve for UX7 =0.4.  Solution can still h N 
obtained but more energy than available will have to be stored in the turbulent 

field even for a blunt body wake. This is certainly unrealistic unless some 

extraneous sources of energy have been introduced into the flow field. 
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3.7 Effect of integral scale length 

Instead of using a separate length scale equation for the turbulent 

integral scale, an algebraic relationship between the integral length scale 

and the equivalent wake radius was used, i.e. 

A = Ci(ab)
iä 

After searching through a limited amount of experimental information, the 

value of C. was taken to be 0.125. The effect of this constant on the wake 
i 

dimension is shown on Figure 15, for a + 40% variation of C .  It should be 

noted that this is only a qualitative assessment of the cifoct since the 

integral length scale only affects the dissipation and the pressure velocity 

correlation terms in this model. An increasing length scale implies a slower 

decay as shown on Figure 16 where the decay of turbulent energy level is plotted 

verses x . To be more rigorous, the effect of integral length scale on the 

energy production term, which has been absorbed in the constants here, must be 

included. This modification is expected to accentuate the effect. 

It is also interesting to note that the experimental observations of Gran 

seems to indicate a larger C for a drag wake than a momentumless wake. The 

corresponding consequences of this difference may be inferred from these results. 

3.8 Effect of initial mean velocity excess 
* 

The initial value of U,  gives a measure of the amount of energy 

remained in the mean flow.  Since the transfer of energy from the mean to the 

turbulent field is relatively inefficient in a turbulent wake model, the effect 

on the wake solution is quite small as indicated on Figure 17 where two sets of 

curves are shown bounding four calculations for U.  = 0.05, 0.1, 0.2 and 0.3. 

The corresponding mean velocity decay is shown on Figure 18. This comparison 
* 

points out that a crude estimate on the initial value of U.  is quite adequate 

except for the prediction of Ujj . 

3.9 Effect of initial wake geometry 

There are at least two reasons for the initial wake geometry to be 

non-circular as assumed so far. First of all, the basic body geometry is not 

exactly axisymmetric and small angle of attack can have a strong influence on 

the initial wake shape for a slender body. Secondly, the effect of stratifica- 

tion on the body boundary layer is expected to limit the vertical growth. Hence, 
l 

a larger aspect ratio, a/b is expected with increasing stratification. This 
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dependence of the initial wake geometry on stratification has been observed 

qualitatively by Pao et al. (ref. 9); and its effect on subsequent wake 

development must be explored. 

Figure 19 shows the effect of the initial wake geometry on the downstream 

wake evolutions. The initial area is kept at constant for the three cases. The 

effect on the total wake area variation is quite small. However, the effect on 

the apparant wake collapse is surprisingly strong. Practically no collapse 

in the classical sense can be stated for the case 2. On the other hand, a 

much stronger collapse at a smaller x  occurs for the case 3 where (b/a) >1. 

This result provides a partial explanation to the much weaker collapse being 

observed recently in comparison with the previous experiment of Schooley and 

Stewart (ref. 10) who used a fairly blunt body, for which a more or less circular 

initial wake shape was expected. Additional discussions on the experiment of 

Schooley and Stewart will be given ?n  the following. 

3.10  Experiment of Schooley and Stewart 

In the previous report of Ko, a comparison with the laboratory 

experiment of Schooley and Stewart was presented. Extraordinary high initial 

turbulent intensity (UN = 0.45) was required to match the initial wake growth 

and the maximum wake height observed in the experiment.  It is worthy to note 

that since the averaged value is used in this type of integral analysis, a much 

higher local maximum intensity is expected. For IL. = 0.45, with a Gaussian 

distribution, we have 

u' 
max m  0>72 
U 
o 

a nonrealistically high value. Therefore, an attempt to use the present 

analysis, together with the understanding achieved through the parametric 

studies, to compare with and to interpret the results of Schooley and Stewart 

is given here. 

The flow conditions for the experiment are: 

-1 N = 2. 19 sec 

U 
o 

3 45 cm/sec 

L = 3 cm 

F 
r 

= 
U 

0 
NL 

= 6.8 
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o A larger initial wake dimension L was chosen with the hope of getting slightly 

farther away from the body where a complicated flow field is expected from the 

relatively large propeller. With a body of aspect ratio (length to diameter) 2. 

it is practically a blunt body wake. Figure 20 shows a comparison of the 

calculation using 

0.3 N 

ßo/a 

2.0 

0.15 

As indicated on the figure, this initial turbulent intensity level corresponds 

t0 Eto/Edrag = ^/V  Even with CD = 1 for a blunt body wake, the number is 

still non-realistic unless additional work or energy input has been required to 

propell the body. The possibility of additional drag on the guided wires and 

the non-constant velocity nature of the test can not be discounted. All these 

comparisons tend to point out that the experiment of Schooley and Stewart, 

though being extremely instructive in demonstrating the wake collapse phenomenon, 

is quite far from simulating a typical submarine wake.  For the purpose of 

illustration, a calculation, assuming the body were streamlined and sub-like, is 

presented on the same graph.  The dramatic difference in the wake development 

can explain, to a large extent, the inconsistency of the recent laboratory 

experiments with the previous observations of Schooley and Stewart. 

* 
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4.  Summary and Concluding Remarks 

An Improved ph^nomenologlcal model has been developed for studying the 

turbulent wake behind a submarine moving with a uniform speed in a linearly 

stratified quiet ocean. Based on a series of parametric studies, the following 

conclusions are reached: 

(a) Initial anisotropy has a small effect on the wake unless an unusually 

strong stratification is encountered. Therefore, the initial turbulent field 

may ha  assumed as isotropic for most practical situations. 

(b) Because of the stable stratification, the vertical turbulence 

component becomes vanishingly small after the wake reaches a maximum height and 

the turbulence field becomes essentially two-dimensional. 

(c) The initial degree of mixing (ß ) has an appreciable effect on the 

"degree of collapse" as well as the location of collapse but it has relatively 

small effect on the other flow variables, 

(d) The maximum wake height increases with increasing initial turbulence 

level UN. Also, the location of collapse, x , increases with increasing IL. . 

The choice of 11, must be consistent with the energy consideration and depends on 

the body configuration. 

(e) The effect of thu  initial mean centerline velocity excess is quite 
it 

small on the general flow field.    A reasonable choice is U,      = 2 U  . 
do     N 

(f) Increasing integral length scale slows down the turbulent decay and 

therefore increases entrainment.  Since a drag wake is expected to have a larger 

integral length scale than a momentumless wake, a larger b    is expected for a 0        max      r 

drag wake. 

(g) Stratification and speed effects on the wake is scaled by the Froude 
UQ * 

number defined by Fr = «r • For increasing F , b    increases, the physical 

distance to collapse increases and the degree of collapse lessens. 

(h) A "pre-collapsed" wake, either caused by the stratification effect on 

the body boundary layer or by the body geometry, has a strong effect on the degree 

of collapse. 

(i) A blunt body wake is expected to behave quite differently from a 

slender body sub-like wake because of: 

T • initial turbulent intensity 

• initial degree of mixing 

• initial wake geometry 
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U 
(j) The experiment of Schooley and Stewart is atypical as compared to 

a sub-like body wake. Furthermore, excessive drag or energy input seems to be 

deposited into the wake based on the present investigation. 

These, conclusions are tentative in nature, more parametric studies and 

comparison with available laboratory experiments are required to better assess 

these conclusions. The energy leakage through the internal wave field must be 

Included in the future. This coupling with the internal wave field should avoid 

the cvercollapse phenomenon. Furthermore, no swirl has been included in the 

analysis.  In reality, a certain amount of swirl is deposited in the wake. The 

effects of swirl will have to be investigated before the model can be used with 

confidence. A future report will be dealing specifically with these points. 
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Figure 2.  Calculated Wake Growth (Nonstratifled) 
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Figure 4.     Decay of Turbulent  Intensity   (Non-Stratified) 
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